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ABSTRACT 
Correlating the stiffness parameters of the soil at opposite ends of the strain spectrum has a unique interest for 
geotechnical engineers as it may contribute to predicting the bearing capacity from simple field measurements. In 
particular, the static large-strain constrained modulus (Moedo) could be related to the small-strain shear modulus (G0) 
regarding the variation of the physical and mechanical parameters of the soil. In this study, G0 was estimated from the 
shear wave velocity (Vs) measurements using the piezoelectric ring-actuator technique (P-RAT) on six different clean 
sands with different characteristics. The corresponding Moedo values were derived from the properties of the resulted 
stress-strain curves. Based on the analyses of results obtained, correlations between Moedo and Vs and/or G0 were 
established considering the different physical characteristics. These relationships may be utilized to predict soil moduli at 
large deformations from in-situ Vs measurements. 
 
RÉSUMÉ 
Corréler les paramètres de rigidité du sol à différents intervalles de déformation a un intérêt particulier pour les 
ingénieurs géotechniciens, car il peut contribuer à la prédiction de la capacité portante d’un sol à partir de simples 
mesures sur terrain. En particulier, le module œdométrique à grande déformation (Moedo) pourrait être lié au module de 
cisaillement à faible déformation (G0) en ce qui concerne la variation des paramètres physiques et mécaniques du sol. 
Dans cette étude, G0 a été estimée à partir des mesures de vitesse d’onde de cisaillement (Vs) en utilisant la technique 
des anneaux piézoélectriques actuateurs (P-RAT) sur six différents sables propres aux caractéristiques différentes, alors 
que les valeurs de Moedo correspondantes ont été déduites des courbes contrainte-déformation obtenues. L’analyse des 
résultats obtenus a permis d’établir des corrélations entre Moedo et Vs et/ou G0 en tenant compte des différentes 
propriétés physiques. Ces relations peuvent être utilisées pour prédire le module du sol à grandes déformations à partir 
de mesures de Vs in situ. 
 
 
 
1 INTRODUCTION 
 
Large- and small-strains of the subsoil are key 
parameters in the geotechnical designs. Researches 
customarily examine the large-strain behavior using 
traditional triaxial tests in drained conditions, and 
oedometer tests as well, whereas, the short-term 
behaviors are mostly estimated using geophysical 
methods. Also, investigations on the behavior of soil in the 
small-strain range (ε <10-3) are substantial in many 
geotechnical applications (such as; liquefaction 
assessments where the small stress-strain properties of 
granular soils may be considered elastic-linear). The 
small strain shear modulus, Go, can be evaluated either 
from in-situ (Campanella et al.1986; Hryciw 1990) or 
laboratory techniques (Hardin and Richart 1963; Brignoli 
et al. 1996; Karray et al. 2015) then theoretically 
calculated from the shear wave velocity measurements, 
Vs, as (Go=Vs

2, where  is the density of the soil).  
In the early 1970s, researchers started to involve Go in 

modeling the dynamic behavior of the soil (e.g., Seed and 
Idris 1970), then later, several studies demonstrated its 
important involvement on the seismic hazard studies 
(e.g., Riepl et al. 2000; Louie 2001; Wang and Hao 2002; 
Thompson et al. 2010; Theilen-Willige 2010). Therefore, 

the small strain shear modulus is fundamental in 
analyzing the dynamic response of the soil for various 
geotechnical designs, such as; the subsoils located 
beneath foundations in active seismic areas, shoring 
systems, deep excavations beside existing buildings, 
tunneling, pile foundations, seismic soil-structure 
interactions, and soil liquefaction potentials (Robertson et 
al. 1995; Kramer 1996; Ishihara 1996; Youd et al. 2001; 
Bui 2009). Moreover, numerous researches have focused 
intensively on employing Go into the static geotechnical 
applications such as the static foundation engineering 
designs (e,g, Imai and Yoshimura 1976; Eberhart-Phillips 
et al. 1989; Sully and Campanella 1995; and Pyrak-Nolte 
et al. 1996). Other studies proposed empirical correlations 
of Go with the ultimate bearing capacity of soils. Also, 
Turker (2004) developed an explicit expression for the 
allowable bearing pressure using Vs.  

On the other hand, the large deformation behavior 
usually represented by elasticity modulus (E) which 
defined as the ability of a material to resist the excessive 
deformation during loading. In this study, the oedometer 
constrained modulus (Moedo) was utilized to represent the 
elasticity in oedometer conditions. The rigid walls of the 
oedometer cell prevent the radial deformation, which 
leads to a vertical (uniaxial) compressive strain test. 



 

Although only axial stresses were applied to the tested 
soil specimen, there is developed radial stresses due to 
the laterally constrained condition. Therefore, the results 
of one-dimensional consolidation oedometer test are 
typically considered acceptable for foundation designs 
and the laboratory modeling of soil-foundation behaviors 
(e.g., Lenk 2009). 

Research works investigated the correlation between 
dynamic (small-strain) and static (large-strain) stiffness 
moduli (e.g., Salgado et al. 2000, Wichtmann and 
Triantafyllidis 2006; Wichtmann et al. 2017). Wichtmann 
et al. (2017) investigated the results of resonant column, 
triaxial, and oedometer compression tests to evaluate the 
small-strain shear modulus (Go) and constrained modulus 
(Moedo) as well. They also developed empirical formulas 
correlating Go to Moedo by examining reconstituted and 
premixed sand specimens of similar particle shape 
characteristics, different uniformity coefficient (Cu), and 
different mean grain sizes (D50). 

In the present laboratory investigation, the authors 
highlight, display, and discuss the importance of 
employing Go into predicting other soil parameters at 
large deformations. Therefore, the purpose of this study is 
to establish more reliable and direct correlations between 
Moedo with Vs and/or Go of granular soils regarding the 
development of the relative density (Id), the soil gradation 
properties (D50 & Cu), and the quantitative shape 
description (A2D) as well. In details, several specimens 
from six different natural clean sands with different 
physical characteristics (particle shape and particle size 
distribution) were experimented using the piezoelectric 
ring-actuator (P-RAT) of Karray et al. 2015. The P-RAT 
results show that Go can be correlated to Moedo by 
comparing the Vs measurements with the corresponding 
stress-strain status during the oedometer tests. The 
proposed correlations could be used to evaluate the 
large-strain behaviors beneath the founding level on 
granular materials from a simple direct (in-situ) 
measurement of the ground shear wave velocity which 
represents the real behavior of the subsoil without any 
disturbance. Also, for a limited budget project, which 
exposed to dynamic loads or located in active seismic 
areas, the current proposals could be employed with 
inexpensive tests such as oedometer test, allowing for an 
acceptable conservative design. Therefore, the 
achievements of this research may be considered helpful 
to the foundations' design process. 
 
 
2 TESTING EQUIPMENT  
 
Piezoelectric elements with different geometries (i.e., 
strips, plates, discs, etc.) were widely used as laboratory 
techniques for measuring wave propagation in media 
(e.g., Brignoli et al. 1996; Yama-shita et al. 2009; Clayton 
2011), they proved the ability to transfer electric pulses 
into vibrations and vice versa. The current experimental 
investigation was conducted using the piezoelectric ring-
actuator technique (P-RAT), which developed at the 
Université de Sherbrooke (e.g., Gamal El-Dean 2007; 
Ethier 2009; Éthier et al. 2011; Karray et al. 2015 Elbeggo 
et al., 2019), to advance the interpretation method of 

output signals during measurement of soil shear wave 
velocity. It was developed to minimize the difficulties 
associated with other techniques of laboratory Vs 
measurements such as Bender Element (BE) or 
Resonant Column (RC). The P-RAT offers the possibility 
to avoid penetrating the tested specimen with the sensors 
that may be needed in the BE method to transmit the 
shear strains. Also, P-RAT could be easily incorporated 
into several traditional geotechnical apparatuses such as 
triaxial and oedometer. In this study, the P-RAT 
incorporated into the oedometer apparatus. Thus, both 
Moedo and Vs can be recorded simultaneously under the 
same boundaries and stress conditions.  

The utilized P-RAT (described in detail by Karray et 
al., 2015; Elbeggo et al., 2019) consists of two 
piezoelectric rings representing both emitter and receiver 
sensors. A small bishop oedometer type cell with a 
diameter, d=63 mm, and height, h=18 mm, was used 
through the current study. The soil specimen is installed in 
the oedometer cell, and the piezoelectric emitter element 
was fastened to the bottom of the cell, while, the receiver 
element was fastened to top loading cap.   

The emitter can transmit the shear wave by converting 
the electrical voltage inputs of several signals and 
frequencies to cover frequency bands lower and above 
the fundamental frequency of the system and characterize 
the emitter-receiver dynamic system. The receiver 
diffuses the resulted data to the acquisition card. An 
interpretation method was adopted by projecting the 
signals from the time domain in a frequency domain to 
locate the frequency range over which the energy is 
located. On this range, the phase shift between 
transmitted and received signal should be corrected by 
the difference of the experimental phase onto the 
theoretical phase. The theoretical phase shift curve was 
representing the transfer function (the contribution of the 
sensors) and was determined by a tip-to-tip test. As a 
result, the different corrected experimental dispersion 
curves of different signals under the same testing 
conditions refer to a constant value of the real shear wave 
velocity. In other words, the shear wave velocity is 
independent of the phase or the frequency content of the 
transmitted signal.  

 
 

3 TESTED MATERIAL  
 

P-RAT tests were conducted on sands of different 
physical and mechanical characteristics (uniformity 
coefficient, Cu ranging 1.6 - 5; mean grain sizes in the 
range 0.217mm ≤ D50 ≤ 0.6mm; several emax - emin & 
various shape characteristic as well). These natural sands 
have a percentage of fines, FC%  5.4%. Figure 1 
represents the particle size distribution for the six tested 
sands. 

The image analyses technique was considered for the 
soil shape classification in the current study (described in 
detail by Ghali et al., 2018 & 2019). Figure 2 shows 
scaled images of the six soils tested. A light 
stereomicroscope (Leica MZFL-III fluorescence stereo-
zoom microscope) was employed for producing the 
scaled images. Ghali et al., 2018 indicated that the two-



 

dimensional angularity (A2D) may represent the large 
(particle form size) and intermediate (corner conditions) 
scales of particle shape and it can be estimated according 
to the relationship provided by (Miura et al., 1997, Das et 
al., 2012 and Ghali et al., 2019) and based on the 
modified charts of Lees (1964a & 1964b), as shown in 
Figure 3. The characteristics of all tested sands (Gs, D50, 
Cu, emax, emin, and Fc%), and the quantitative (A2D) values 
& shape descriptions are listed in Table 1. 

 
 

 
Figure 1. Particle size distribution curves of the granular 
samples tested. 
 

 
Figure 2. Digital images for tested granular materials 

 
Figure 3. Definition used for predicting the average A2D 
modified after (Miura et al., 1997 & Ghali et al., 2018). 
 
 
Table 1. List characteristics of sands tested in this study 
 

Soil 
Type 

Ottawa 
F65 

Chaffar  Clermont 
Ottawa 
C109 

Perib-
onka 

EM1  

Gs 2.66 2.69 2.72 2.65 2.7 2.69 

D50  0.217 0.270 0.350 0.380 0.411 0.600 

Cu 1.68 1.5 2 1.83 4 5 

emax 0.820 0.990 0.990 0.900 0.850 0.820 

emin 0.558 0.580 0.502 0.480 0.350 0.410 

Fc (%) 0 1 0.2 0 5.4 2 

A2D 443 662 737 276 616 714 

Shape SR-SA SA SA-A SR SA SA-A  

SR = Subround; SA = Subangular; SR – SA = Subround to 
Subangular; SA – A = Subangular to Angular & A = Angular. 

     
       
4 METHODOLOGY AND MEASUREMENTS 
 
A large number of laboratory tests on the different clean 
sand samples were carried out to determine the stress-
strain (’v- )  curves in oedometer conditions that can be 
used to determine the static constrained modulus (Moedo) 
in question. The development of the vertical strain () with 
the applied vertical stress (’v) in kPa under different initial 
densities for the soils tested were recorded. For example, 
Figure 4-a shows the stress-strain (’v- )  curves for 
Clermont sand tested under three different initial relative 
densities (Idi = 6 to 60%). The variation of the applied 
vertical stress (’v) and the measured corresponding 
vertical strain () for the different soils can be 
approximated in the form of a second-order polynomial 
function as:  

 
2. .     v v va b c                                                     [1]      

 
where a, b and c are the correlative parameters. 

Theoretically, the constrained modulus can be 
determined at any stress state by differentiating the 
polynomial function (Eq. 1) as the constrained modulus is 
corresponding to the slope of the tangent on the stress-
strain curve, as indicated in Figure 4-a:  
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Figure 4. Results of Clermont Sand: b) Vs as a function of 
the vertical applied stress; c) Vs1 as a function of void 
ratio.  

 
On the other hand, the various values of shear wave 

velocity (Vs) of the six tested soils were recorded for all 
strain levels under several stress states and different 
initial relative density values. Figure 4-b represents the 
relation between Vs and ’v for tests performed on 
Clermont sand under three different Idi values. It was 
observed that Vs is a function of ’vn, where n ≈ 0.25, in 
agreement with a majority of researches in the literature 
(e.g., Hardin and Richart, 1963; Hardin and Black, 1966; 
Hardin Drnevich 1972). Therefore, Vs values were 
routinely stress normalized following numerous 
researchers (e.g., Robertson et al., 1992; Youd et al. 
2001; Karray et al. 2011; Hussien and Karray 2016) as: 
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where Vs1 is the stress-normalized shear wave velocity, 
and Pa is atmospheric reference pressure of 100 kPa (in 
the same unit as ’v). The variation of Vs1 as a function of 
the void ratio (e) for Clermont sand is plotted in Figure 4-
c. It is clearly observed that the void ratio is the major 
parameter controlling the variation of the normalized 
shear wave velocity (e.g., Karray et al., 2015) since the 
normalized shear wave velocities of specimens of the 
same soil (Clermont sand) tested under different initial 
relative densities (Idi = 6 to 60 %) are located on the same 
trend. 

   
 

5    RESULTS AND DISCUSSION 
5.1 Normalized Shear Wave Velocity (Vs1) 
 
Normalized Vs1 values of all tested sands were plotted 
against the void ratios in Figure 5-a, showing that the 
values of Vs1 for all tested specimens ranging between 
100 and 325 m/s. Also, it is worth mentioning that the 
variation of Vs1 between the loosest and the densest state 
of the same soil was not more than or around 130 m/s. In 
other words, the normalized shear wave velocities of 
specimens of the same granular soil tested at different 
void ratios collapse onto a relatively narrow range; this 
observation agrees with previous experimental and field 
studies of shear wave velocities on granular soils (e.g., 
Karray et al. 2010, Hussien and Karray 2016). Figure 5-a 
also demonstrates that the higher the Cu of the tested soil, 
the lower the obtained normalized shear wave velocity 
(Vs1). This behavior was also observed in some previous 
studies (e.g., Iwasaki and Tatsuoka 1977, Wichtmann and 
Triantafyllidis 2006). In this study, an exponential trend 
was assumed for (Vs1–e) relation, in accordance with 
Karray et al., 2015, the authors performed multi-
regression analyses to represent the relationship as: 
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The trending behavior of Eq. 4 with the variation of 

D50, Cu, and A2D values was also illustrated in Figure 5-a. 
Based on a compilation of laboratory and field data, 

Hussien and Karray (2016) proposed an equation to 
estimate the value of the normalized shear wave velocity 
(Vs) from the soil relative density (Id) and the effective 
mean diameter (D50): 
 

0.5
1 505.68[ln( ) 4.84]( % 25)s dV D I                         [5] 

 
The (Vs1-e) data in Figure 5-a was replotted in Figure 

5-b in term of the variation of Vs1 with the relative density, 
the upper and the lower limits computed from Hussien 
and Karray equation (Eq. 5) were plotted as references. 
Obviously, from Figure 5-b, most of the Vs1 values 
determined in the current laboratory tests collapse onto 
the range provided by Eq.5. 

 



 

 
Figure 5. a) Normalized shear wave velocity (Vs1) as a 
function of void ratio; b) Normalized shear wave velocity 
(Vs1) as a function of relative density. 
 
 
5.2 Small-Strain Shear Modulus (Go) 
 
The small-strain shear modulus is theoretically calculated 
as Go=Vs

2, where  is the density of the material. The 
obtained results of Go are normalized concerning the 
applied vertical stress [Go(100/’v0.5] and plotted in MPa 
against the void ratio (e) as shown in Figure 6.  
 
 

 
Figure 6. Normalized shear modulus as a function of void 
ratio. 
 

It is clear that the normalized Go increases with 
decreasing of void ratio and the higher the Cu of the soil, 
at a given void ratio, the lower the normalized shear 
modulus Go, which seems logical and agrees with the 
literature (e.g., Wichtmann et al., 2017).  
 
5.3 Large-strain constrained modulus (Moedo) 

 
The constrained modulus determined at different stress 
states of the tested soils are normalized concerning the 
applied vertical stress; where the normalized constrained 
modulus was calculated as [Moede (100/’v0.5], then the 
normalized values in MPa were plotted against the void 
ratio (e) as shown in Figure 7.  

Ohde (1951) suggested a value of normalized 
constrained modulus ranged between 10 to 75 MPa for 
granular soils, and the obtained values of all tested 
granular soils show good agreement with this range. 
Figure 7 also indicates that the normalized Moedo 
increases with decreasing the soil void ratio.  

 
 

 
Figure 7. Normalized constrained modulus as a function 
of void ratio. 
 
 
5.4 (Moedo/Go) proposed correlations  
 
The experimental data presented in Figures. 6 & 7 reveals 
the presence of observable correlations between Moedo/Go 
with the development of Id, as shown in Figure 8. It is 
clear that all curves of the tested soils have exponential 
trends. The results presented in Figure 8 show that the 
correlation between the Moedo/Go and the soil relative 
density can be expressed as: 

 

 [ ( %)]exp dB Ioedo

o

M
A

G
                                                           [6]   

            
where the fitting parameters, A ranges from 0.066 to 
0.445, and B ranges from 0.0011 to 0.0183. Table 2 
shows the values of the fitting parameters A and B for all 
tested soils.  

Subsequently, depending on the soil gradation and 
particles shape characteristics listed in table 1, particle 
size distribution curves showed in Figure1 and the values 
of the parameters A and B for all tested soil represented 
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in table 2; the geotechnical designers could use these 
data as a guide to estimate the parameters A and B for 
clean sands. In the ongoing efforts to provide a more 
rational method of determining the empirical parameters 
(A and B) a plan of a comprehensive experimental 
investigation is set, and it will be soon conducted 
employing a variety of sands with different particle shape, 
fines content, and grading characteristics. 

 
 

 
Figure 8. Moedo/G0 as a function of relative density 

 
 

Table 2. Fitting parameters of Eq.6 
 

Soil 
Type 

Ottawa 
F65 

Chaffar  Clermont 
Ottawa 
C109 

Perib-
onka 

EM1  

A 0.445 0.227 0.254 0.066 0.140 0.104 

B 0.0011 0.0059 0.0040 0.0183 0.008 0.0140 

 
. 

6 CONCLUSIONS 
 
This paper presents the results of experimental work 
carried out on six different clean sands to establish the 
correlation between the static large-strain stiffness 
constrained modulus (Moedo) and the shear wave velocity 
(Vs) and/or the small-strain shear modulus (Go). For clean 
sands, a new correlation of Vs1 and e is proposed and the 
relations of Moedo – e and Go – e have been reformulated 
gathering Moedo/Go to the relative density (Id). It is 
observed that, at a given void ratio, Vs1 was positively 
related to D50 and A2D while negatively related to Cu. Also, 
Moedo/Go ratio, at a given Id value, is significantly 
influenced by the variation of the physical parameters; 
such as D50, A2D, and Cu.  
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