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ABSTRACT

This paper will focus on the behaviour of granular materials under monotonic loads and presents a constitutive model
that is simple yet practical for engineering applications. The model is based on the well-known Mohr-Coulomb model with
only one additional material parameter to make it as simple and practical as possible. The applicability of the model is
demonstrated by simulations of triaxial tests, and various model tests, including strip foundation and tunnels with and
without nearby surface load and also an excavation benchmark case study.

RESUME

Ce document se concentre sur le comportement des matériaux granulaires sous des charges monotones et présente un
modéele constitutif simple, mais pratique pour les applications d'ingénierie. Ce modeéle est basé sur le critére bien connu
de Mohr-Coulomb. Seule I'addition d'un paramétre de matériau est effectuée afin de le rendre aussi simple et pratique
gue possible. L'application de ce dernier est démontrée par des simulations de tests triaxiaux, ainsi que divers tests de
modeles, incluant la bande de fondations et les tunnels avec et sans charge de surface a proximité, ainsi qu'une étude
de cas concernant I'excavation de référence.

1 INTRODUCTION The following sections will present the formulation of

this constitutive model, explain the procedure to evaluate
This paper will focus on the typical behaviour of granular its parameters, and demonstrate its applicability in
materials under monotonic loads and presents a  simulations of triaxial tests, and model tests. To further
constitutive model that is simple yet practical for investigate the practicality of the model for engineering
engineering applications. The behaviour of granular practice a well-documented benchmark problem that has
materials, more specifically sands, is usually studied been simulated by other researchers and commercialized
under triaxial stress state in drained and undrained geotechnical software, has been analyzed with the
conditions. Under drained triaxial setup, for loose sands proposed model and a comparison between the numerical
an increase in deviatoric strain is associated with results and field observations is presented

hardening and progressive compaction, and as the 400 | —
deviatoric stress increases and stress state approaches I o B e e ad
the failure condition the volume change tends to zero. £ 300 -f c 1 il

Dense sands show similar hardening behaviour up to a g 250 & 0 ﬁ”\

peak point or failure which is typically associated with 2 200 f P 1 \“-‘x.‘_\_

formation of shear band and strain-softening behaviour. In $ 10 ) e ERC . j‘“\.\
dense sands at the initial stage of the deformation 3 100 ¢ ,,/ =3 1 .:_:m .
process the material undergoes compaction, and then at 50 if ol |
some point a transition from compaction to dilation occurs 0 : : 5 —

1] 5 10 1] 5 10

(Figure 1). The undrained behaviour typically is such that Aial Strain % Axial Strain %

the compaction and dilation in the drained condition result  Figyre 1. Example of the behaviour of loose, medium and

in the generation of positive gnd negative pore pressure in dense sands in drained triaxial compression tests
the sample. The generation of excess pore water 200 200 |

pressure in very loose sands can lead to liquefaction of 180 { 180 |-=e-Leiose Sand £
the material. On the other hand, because of the il _ L““H f:l"'” y o
generation of negative pore water pressures, very dense } I
sands can endure high levels of deviatoric stress as '
illustrated in Figure 2 (e.g. Pietruszczak 2010). {

The most common constitutive model in geotechnical f
engineering practice is the Mohr-Coulomb model. In jﬂ %Pg‘“' Se_
addition to the elastic properties, three additional material 0 4 : B
properties, i.e. cohesion (c), friction angle (p) and 1 2 4 0 50 100 150

Axial Strain % Effective Mean Stress (kPa)
dilation angle (i) are required. The evaluation of these  Fjgure 2. Example of the behaviour of loose, medium and
parameters, especially the friction angle and cohesion, is dense sands in undrained triaxial compression tests
a common practice. The proposed constitutive model in 2 FOMULATION AND SPECIFICATION
this paper is based on the Mohr-Coulomb model with only
one additional parameter and a new optional definition for
the plastic flow.
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In this section the formulation of this simple yet practical
constitutive model will be presented. Comments will be
made on the identification of material properties.
The most common constitutive model in soil mechanics
and its engineering practice is the Mohr-Coulomb model.
The proposed model is essentially based on this model
and uses the same main material properties.

The equation for the Mohr-Coulomb yield surface
using the ( p,q, @) invariants is (e.g. Pietruszczak 2010)

F=q—M(p+ . J:o [
tan g

where the parameter M is the slope of the failure line in
p—q plane and is defined as

M — 33|an) . 2]
J3cosf-sin@sing

The additional concept in the proposed model is the
notion of deviatoric hardening. Experimental evidence
indicates that the plastic deformation in soils starts from
the early stages of loading. To capture such behaviour in
a constitutive model the typical elasto-perfect plastic
models, such as the Mohr-Coulomb model, are not
adequate. To simulate such behaviour constitutive models
that utilize a hardening law after initial yielding are
required. The hardening in the proposed model is
considered for the mobilized friction angle and it is
attributed to plastic distortion. The equations above are
then rewritten as:

F:q—M[p+ ¢ ]:o (3]
tan ¢,

M = SSIn-(pm - [4]
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where @; is the friction angle at failure and ¢,, is the

mobilized friction angle.

The use of hyperbolic functions for describing the
behaviour of soils has a long history in soil mechanics, for
example the well-known Duncan-Chang model applies a
hyperbolic function in its formulations (Duncan and Chang
1970). On this basis, the hardening rule in the proposed
model for the mobilized friction angle takes advantage of
a hyperbolic function:
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where gqp is the plastic deviatoric strain and A is a

constant hardening parameter. The hardening parameter
is the only additional parameter in this model.

The plastic potential needs to be modified from its
original form in the Mohr-Coulomb model. The formulation

used here takes advantage of the same idea of a dilation
angle but assumes a constant ratio of the dilation angle to
mobilized friction angle. Assuming a dilation angle at

failure () corresponding to the friction angle at failure

this means:
v _ ¥ [6]
¢m q)f

In most cases under deviatoric loading stress paths
the initial volumetric behaviour is compressive. In such
cases the flow rule in equation 6 is not accurate. For such
cases a flow rule similar to that proposed by Rowe (1962)
should be utilized. For the proposed plastic potential,
where the mobilized friction angle is less than the critical

(¢CV)
compressive, otherwise the volumetric behaviour is

dilative. This type of flow rule can be captured by a plastic
potential function defined in equations 7 and 8.

friction angle the volumetric behaviour is

Q=q-M,pIn(p/p,)=const. (71
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The plastic potential function is defined by a single
parameter, the failure dilation angle or the critical friction
angle, and this can be considered as a simple but useful
modification to original plastic potential of the Mohr-
Coulomb model.

Identification of all the model parameters are quite
straightforward except for the hardening parameter A.
The hardening parameter should be evaluated from curve
fitting. The hardening parameter can be determined by
plotting the tangent of mobilized friction angle versus the
deviatoric strain obtained from experiments, and using
equation 5 to find the best fit curve to these data points.
The tangent of mobilized friction angle can be calculated
based on the assumption that under a monotonic
deviatoric loading, the material undergoes continuous
yielding. Thus at every point on the stress path the state
of stress is on the yield surface, and for each point the
mobilized friction angle can be calculated from equations
3 and 4. For the purpose of this curve fitting it is assumed
that the elastic strains are negligible compared to the
plastic strains. Therefore, the plastic deviatoric strain is

approximately equal to the total deviatoric strain, gqp g,
As an example, Figure 3 shows this procedure for loose

Hostun sand. As discussed later, the experimental points
are from three different drained triaxial test conducted at

confining pressure of g, =300 kPa. In general parameter
A is approximately 10% of the deviatoric strain at failure.
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Figure 3. Evaluation of hardening parameter for loose
Hostun sand

3 EXAMPLES

In this section the proposed constitutive model is used in
simulations of some element tests, model tests and actual
geotechnical structures to demonstrate and validate its
capabilities. The model has been implemented in the finite
element package RS? (Rocscience 2015).

3.1 Drained and Undrained Triaxial Tests

The typical stress paths shown in Figures 1 and 2 are
generated using the proposed constitutive model. Under
drained conditions, the model is able to capture the
hardening behaviour of sands and capture the volumetric
compaction in loose sands and the compaction followed
by dilation in dense sands. Under undrained condition the
model can predict the static liquefaction of very loose
sands, and can predict the generation of negative excess
pore water pressure in dense sands. To better
demonstrate these abilities simulations of some actual
experimental data are presented in this section.

The experimental results of drained triaxial test on
dense and loose Hostun sand are depicted from Schanz
and Vermeer (1996).

Figure 4 shows the behaviour of loose Hostun sand in
triaxial tests under confining pressure of &, =300 kPa.

The figures include the results from 3 tests (data points)
and numerical results generated by the proposed model
(solid line). The simulated results are in good agreement
with experimental observations in the prediction of
hardening behaviour and volumetric compaction. The
material properties used for this simulation is included in
the graphs. Similarly, Figure 5 shows the behaviour of
dense Hostun sand in drained triaxial tests.

Clearly the model is capable of capturing both the
hardening and volumetric behaviour features. The post
peak behaviour that is observed for dense Hostun sand is
typically the result of development of a shear-band in the
sample and is not to be considered as the material
behaviour. In general, the softening behaviour observed in
experiments is not the actual material behaviour, rather it
is usually the result of development of some mechanism
such as shear-banding. The proposed model here is only
designed to capture the material behaviour that is
associated with hardening. Extension to the softening
branch requires more sophisticated formulations that can
handle issues such as strain localization and development
and propagation of shear bands.

900 12

800 | ) e |
£ 700 | Sees ¥ g = | “ |
= r 4
g 800 I et E =180 MPa 08 /
£ 500 =
& o v=035 206 b &

2 400 |4 R g
£ 300 fy 1 =35 £ 04 [
5, 200 § ¢, =335° :: 02 |8

100 A=0.0038

0 5 10 0 5 10

Axial Strain % Axial Strain (%)

Figure 4. Drained triaxial test on loose Hostun sand

1400 | 1

L e T | a
.t ", ».._-' — ¥

|

| o E=300MPa |

L v=035

9, =435°

| @, =30°
A=0.0036

slumetric Strain (%
N

Deviatoric Stress (kPa)
@
=]
=1

Ve
2

0 5 10 o 5 10

Axial Strain % Axial Strain (%)

Figure 5. Drained triaxial test on dense Hostun sand
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Figure 6. Undrained triaxial test on loose Banding sand

The undrianed behaviour of loose Banding sand
(Castro 1969) is presented in Figure 6. The triaxial test
starts at the initial confinement of 400 kPa. The
generation of excess pore water pressure in loose sands
under undrained conditions can lead to static liquefaction
and total loss of strength. This phenomenon can be
observed in Figure 6. The simulation results presented in
this figure are in good agreement with the experimental
results.

3.2 Model Test Simulations

The experimental results, including element and model
tests results, in this section are from the research work by
Shahin et.al (2011) and Nakai (2013). The material used
to model the soil consists of a mix of 1.6 and 3.0 mm
aluminum rods in the ratio of 3:2 by weight (Figure 7). The
ground is prepared by piling up the stack of aluminum
rods from the bottom which results in a unit weight of 20.4
kN/m®. This setup simulates a plane strain condition in
model tests. Samples of this material have been tested in
biaxial tests under constant lateral and axial stress of 19.6
kPa and the results are presented in Figure 8 and 9,
respectively.



Figure 7. Material used in 2D model tests (Nakai 2013)
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Figure 8. Biaxial test results under constant lateral stress
of 19.6 kPa
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Figure 9. Biaxial test results under constant axial stress of
19.6 kPa

The material properties are included in Figure 9. The

stress ratio in Figures 8 and 9 is defined as the ratio of the
major principal stress to the minor principal stress.
For this case a nonlinear elastic behaviour is considered
for the material. This is one of the flexibilities of the
proposed model that can take advantage of nonlinear
elastic behaviour in addition to its simple deviatoric
hardening rule. The nonlinear elastic behaviour is
presented in Equation 9 on the basis that the elastic
modulus is dependent on the mean stress

E= EO ( p/ pref )a [9]

where p_.is the reference pressure, E, is the elastic

modulus at reference pressure and ¢ is the exponent
constant.

The numerical results presented by Nakai (2013) are
based on a more complex formulation than the
constitutive model proposed in this work.

The model test that is studied here is a tunnel with a
nearby surface load from a rigid footing. A simple bearing
capacity analysis is also conducted to evaluate the
bearing capacity of the foundation. Another simple
analysis is performed to examine the effects of excavation
solely. The schematic 2D test setup is presented in Figure
10. For details of the testing setup readers are referred to
Shahin et.al (2011) and Nakai (2013).

The ground model is 80cm wide with 40cm depth. The
in-situ vertical stress is due to gravity and the ratio of
horizontal stress to vertical stress was measured to be
70%. The rigid footing is made of steel plate that is 8cm
wide and has 1cm thickness. The vertical load is applied
at the center line of the footing and is equal to
Q, =0.32x9.81 N/cm. The diameter of the tunnel is

10cm, and the depth to diameter ratio is D/B=2.0
(Figure 10). The excavation is simulated by a special
device that controls the displacements on the boundary of
the tunnel. As a result of excavation it is assumed that
circular shape of the tunnel will be preserved and the
diameter will shrink while the invert of the tunnel is fixed.
The tunnel displacement pattern is illustrated in Figure 11.
For the model test the tunnel displacement is d_ =4mm.

The result of the bearing capacity analysis is
presented in Figure 12. There is close agreement
between the observed behaviour and the numerical
results produced by the proposed model. For comparison
the numerical results from Nakai (2013) are also

presented.
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Figure 10. Schematic diagram of the 2D model tests
(Nakai 2013)

Figure 11. Displacement pattern of the excavated tunnel
with fixed invert (Nakai 2013)
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Figure 12. Results of the bearing capacity analysis

The results of the model test experiment and simulations
are presented in Figures 13 and 14. Figure 13 shows the
surface settlement. The results are presented for the case
of greenfield (no surface load) and nearby surface load.
The numerical results are in good agreement with the
experiments. An interesting observation in the model test
is that the maximum settlement occurs under the footing
at the edge that is farther form the tunnel. This is well
captured in the numerical simulations by Nakai (2013) and
the present study. Conducting an elastic analysis or an
elasto-perfect-plastic analysis using the Mohr-Coulomb
model will predict the maximum settlement at the edge
that is closer to the tunnel.
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Figure 14. Distribution of deviatoric strain; a) observed
behaviour, b) numerical simulation results after Nakai
(2013), ¢) numerical simulation results present study

The distribution of deviatoric strain in the domain can
be used to analyse the failure modes. Concentration of
high deviatoric strains is an indication of formation of
shear bands, failure and slip surfaces. Figure 14 shows
the distribution of deviatoric strain in the domain of the
model test. There is a good agreement between the
observed pattern and the contours plots from the
numerical simulations.

3.3 Anchored Diaphragm Wall in Berlin Sand

The final numerical simulation is the problem described in
Schweiger (2002). This benchmark problem has been
studied and analyzed numerically by many researchers
(e.g. Schweiger 2002 and Nikolinakou et. al 2011), and
also is cited by most of the commercially available finite
element (e.g. PLAXIS 2014) or finite difference packages
(FLAC 2011) as a verification problem.

The geometry, basic assumptions, groundwater
condition and stages of excavations are taken from the
benchmark problem described in Schweiger (2002) and
summarised in Figure 15. The soil profile consists of three
different layers of sands. The stages of the analysis are:

1- Initializing the in-situ stress state and groundwater

condition. The Ko condition for sand 1 is 0.43 and
for sand 2 and sand 3 is 0.38. The ground water is
initially at depth 3m.

2-  The diaphragm wall is put in place and water table

in the excavated area is lowered to 17.9m depth.

3- Excavation of step 1 to 4.8m depth.

4- Installation of the first row of anchors at 4.3m

depth.

5- Excavation of step 2 to 9.3m depth.



6- Installation of the second row of anchors at 8.8m
depth.

7- Excavation of step 3 to 14.35m depth.

8- Installation of the third row of anchors at 13.85m
depth.

9- Excavation of step 4 to 16.8m depth

The density of the of the diaphragm wall is 2400 kg/m3
with a Young’s modulus of 30 GPa and Poisson’s ratio of
0.15. The wall is 80cm thick. The cross section area of
anchors is 15cm? and their Young's modulus is 210 GPa.
Other properties of the anchors are given in Table 1.

il

Figure 15. Geometry and excavation stages (after
Schweiger 2002)

Table 1. Anchors Specifications

Characteristics Row 1 Row 2 Row 3
Depth (m) 4.8 9.3 14.35
Dip angle (degrees) 27 27 27
Total length (m) 19.8 23.3 23.8
Bond length (m) 8 8 8

Out of plane spacing (m) 2.3 1.35 1.35
Pre-tensioning force (kN) 768 945 980

To identify the material properties a series of drained
and undrain triaxial test simulations were performed using
the Hardening Soil model and the material properties
given in PLAXIS manual (2014). The material properties
used in the Hardening Soil model and the simulated
triaxial test results were then used to determine the model
parameters of the proposed constitutive model. The
material properties of the three different layers of Berlin
sand are given in Table 2, 3 for the Hardening Soil model
and the proposed constitutive model, respectively. The
unit weight of all sands is 19 kN/m?.

Comparing Table 2 and 3, it is clear that the elastic
properties are transferred directly from the Hardening Soil

model to the proposed model, assuming that E, = Esrgf.

The friction angle and cohesion are the same and the
critical friction angle is equal to the friction angle minus

the dilation angle. The hardening parameter is identified
using the generated triaxial test results and the curve
fitting process explained as in Figure 3.

The simulated triaxial test results are presented in
Figures 16 to 21. It is worth mentioning once again that
the simulation results generated by the Hardening Soll
model with the properties listed in Table 2 are the basis
for identification of material parameters in Table 3.
Comparisons between the two series of simulated triaxial
test results in Figures 16 to 21 show a close agreement
between the predicted mechanical behaviours of Berlin
sands.

After the verification of material parameters in Table 3
they are used in the simulation of the anchored diaphragm
wall in Berlin sand as described in Figure 15. The results
of this simulation are presented in terms of the wall
deflection at the final stage of excavation in Figure 22.

Table 2. Hardening Soil model parameters for three sand
layers of Berlin excavation problem (PLAXIS 2014)

Characteristics Row 1 Row 2 Row 3
Dot (kPa) 100 100 100
Egrgf (MPa) 45 75 105
E" (Ma) 180 300 315
ur
Eor:; (MPa) 45 75 105
m 0.55 0.55 0.55
v (Poisson’s ratio) 0.2 0.2 0.2
Géef (MPa) 168.75 281.25 -
Yo 0.0002 0.0002 -
K 0.43 0.38 0.38
o (degrees) 35 38 38
w (degrees) 5 6 6
¢ (kPa) 1.0 1.0 1.0
Failure ratio 0.9 0.9 0.9
Tensile strength (kPa) 0 0 0

Table 3. Material parameters of the proposed constitutive
model for three sand layers of Berlin excavation problem

Characteristics Row 1 Row 2 Row 3
Pres (kPa) 100 100 100

E,(MPa) 45 75 105

m 0.55 0.55 0.55

v (Poisson’s ratio) 0.2 0.2 0.2

o (degrees) 35 38 38

?, (degrees) 30 32 32

¢ (kPa) 1.0 1.0 1.0

A 0.0005 0.0004  0.0003

Tensile strength (kPa) 0 0 0
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Figure 17. Simulated behaviour of Sand 1 in undrained
triaxial compression test (initial confinement 50 kPa)

Figure 18. Simulated behaviour of Sand 2 in drained
triaxial compression test (initial confinement 100 kPa)
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Figure 19. Simulated behaviour of Sand 2 in undrained
triaxial compression test (initial confinement 100 kPa)
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Figure 20. Simulated behaviour of Sand 3 in drained
triaxial compression test (initial confinement 200 kPa)
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Figure 21. Simulated behaviour of Sand 3 in undrained
triaxial compression test (initial confinement 200 kPa)
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Figure 22. Wall deflection at the final stage of excavation.



For comparison, the numerical results presented in
PLAXIS manual (2014) and FLAC manual (2011) for the
same problem are included in Figure 22.

The numerical simulation results presented for this
benchmark problem (Schweiger 2002) show that the
predictions of wall deflection are not accurate for the
cases where a nonlinear elastic model or an elasto-
perfect-plastic model is used to model the Berlin sand
behaviour. To accurately simulate this problem the major
aspects of the sands behaviour should be addressed in
the constitutive equations.

By looking at Tables 2 and 3 it can be seen that the
proposed model requires fewer model parameters to
simulate the same problem accurately when compared to
Hardening Soil (Plaxis 2014) model. The choice of right
constitutive model for the type of materials included in a
problem is a major key factor for the success of a
numerical simulation. The proposed model can capture
the major features of the mechanical behaviour of sands
with @ minimum number model parameters.

4  CONCLUSIONS

The main objective of this paper was to propose a simple
yet practical material model for granular materials under
monotonic loading. Major features of the mechanical
behaviour of sands under loads are their deviatoric
hardening and volumetric behaviour that is mostly
dependent on the material density.

The deviatoric hardening model presented in this work
is based on the Mohr-Coulomb model which is the most
common constitutive model applied to soils. It takes
advantage of the same material properties, cohesion and
fricion angle in addition to one essential model
parameter. An optional flow rule is also considered to
better capture the volumetric behaviours.

The validity and applicability of the model were
demonstrated in various simulations of triaxial tests,
model tests, and a practical geotechnical boundary value
problem.
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