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ABSTRACT 
This paper presents a grain-based discrete element model for simulating the quasi-brittle failure of rocks under 
mechanical loading. In this approach, the development of crack along grain boundaries controls the degree of damage in 
rock. A cohesive crack model based on the theory of “Non-linear Elastic Fracture Mechanics (NLEFM)” is implemented 
into the UDEC distinct element numerical code to define the constitutive behavior of the grain interfaces under different 
modes of fracturing. Implementation of the crack model in the grain-based simulator aims at enhancing the capability of 
the UDEC-Voronoi scheme to simulate the micro-cracking mechanisms more realistically similar the micro-cracking 
mechanisms. Rock heterogeneity, due to the presence of different mineral grains, is introduced to the model by 
considering the mineral composition of real rock and contrast in mechanical properties of the constituent minerals. The 
elastic properties of the grains and the strength properties at grain boundaries are extracted based on the experimental 
data. Then, the capability of the model to replicate the mechanical behavior of Lac du Bonnet (LDB) granite under 
compression and tension is evaluated. To do so, a series of uniaxial and triaxial compression and Brazilian tests is 
simulated. The mechanical response of the numerical models is found to be in good agreement with the response of the 
real rock observed in laboratory. 
 
RÉSUMÉ 
Cet article présente un modèle par éléments discrets basé sur l’échelle du grain pour modéliser la rupture quasi fragile 
de roches sous chargement mécanique. Dans cette approche, le développement de la fissure le long des joints de 
grains contrôle le degré d’endommagement de la roche. Un modèle de cohésion de fissure basé sur les théories de la 
«mécanique non-linéaire de la rupture (NLEFM)" est mis en œuvre dans le code numérique par élément distinct UDEC 
pour établir le comportement des interfaces des grains sous différents modes de fracturation. La mise en œuvre du 
modèle de fissuration dans le simulateur basé sur les grains vise à renforcer la capacité de l’approche UDEC-Voronoi à 
modéliser de façon plus réaliste les mécanismes de microfissuration. L'hétérogénéité de la roche, causée par la 
présence de grains de différente minéralogie, est introduite dans le modèle en prenant en compte la composition 
minérale de roche et le contraste des propriétés mécaniques des minéraux constituants. Les propriétés élastiques des 
grains et les propriétés de résistance aux joints des grains sont extraites de la base des données expérimentales. 
Ensuite, la capacité du modèle, à reproduire le comportement mécanique du granite du Lac du Bonnet en compression 
et en tension, est évaluée. Pour ce faire, une série d’essais de compression uniaxiaux, d’essais triaxiaux et d’essais 
Brésiliens est simulée. La réponse mécanique des modèles numériques se trouve à être en bon accord avec la réponse 
de la roche réelle observée en laboratoire. 
 

1. INTRODUCTION 
 
The process of brittle rock fracture during compression 
and tension is a result of the initiation, growth, and 
coalescence of multiple individual micro-cracks which 
eventually leads to formation of some clustered regions of 
macro-fractures in rock. As the compressive, or tensile 
stress applies across the boundaries of a rock sample, a 
complex heterogeneous stress system will be distributed 
through the rock in which the tensile and shear stresses 
will be concentrated at pre-existing flaws (i.e. micro-
cracks, grain boundaries, cavities, cleavages) (Kranz, 
1983). If the localized tensile stress exceeds the local 
strength of the microstructure some micro-cracks start to 
form at the point on the boundary of pre-existing flaw 
where tensile stress concentration is greatest.  These 
axially aligned extensional micro-cracks occur during the 
early loading stages of compression tests. As the applied 
deviatoric stresses increase in the specimen, the density 
of compression-induced tensile cracks increases, and 
eventual interaction and coalescence of these cracks 

result in formation of some localized and macroscopic 
damaged zones in the material. It is the presence and 
creation of such micro-fractures that cause the 
compressional stress-strain curve of rock to deviate from 
true elastic (linearity) in the pre-failure region (Hazzard et 
al., 2000). 
   In this paper, a grain-based Discrete Element Method 
(DEM) is used for modelling the progression of damage 
during brittle fracturing of the crystalline rock. The key 
concept of explicit DEM is that the domain of interest is 
represented as an assemblage of dense packing rigid or 
deformable blocks/particles interacting together at their 
contact boundaries. In the other words, the model is 
composed of a series of particles that are glued together 
by their cohesive bonds forming between their 
boundaries. As a result, crack nucleation is simulated 
through breaking of internal bonds while fracture 
propagation is obtained by coalescence of multiple bond 
breakages. 

In the DEM-Voronoi model the rock materials are 
represented by a pack of polygonal-shaped blocks. Owing 



to the full contact between grains and better interlocking 
offered by the random polygonal shapes, the Voronoi 
model overcomes some of the limitations of parallel-
bonded particle models (Potyondy, 2012; Lisjak and 
Grasselli, 2014). In addition to that, it appears that 
polygonal structure used in UDEC compared to square 
and circular particles may be more representative of the 
mineral structure observed in crystalline rock (Lan et al., 
2010; Lemos, 2001). 

In DEM-Voronoi model, the behavior of the grains and 
their contact interfaces defines the macroscopic response 
of the rock, as the result, the success of models to 
reproduce the different aspects of brittle failure process 
relies on realistic description of constitutive laws assigned 
to constituents of the model. One important issue that 
should be considered in a gain-based model is to 
implement constitutive laws for behavior of the grains 
interfaces based on the concept of “Non-linear Fracture 
Mechanics (NLEFM)”. Implementing a “Cohesive Crack 
Model” to grains contacts allows to take into account the 
effects of material softening in front of the crack tip known 
as the “Fracture Process Zone (FPZ)” after the bond 
between two grains breaks and a new crack is formed.  

The present paper aims to evaluate the capability of 
the grain-based DEM model to simulate fracturing of 
brittle rock when a Cohesive Crack Model is assigned to 
the interfaces forming between grain boundaries. The 
fundamental principles of implemented Cohesive Crack 
Models will be discussed. The micro-parameters of the 
model are calibrated to the macro experimental data 
reported for Lac du Bonnet granite.  

 

2. GENERATION OF THE GRAIN-BASED MODEL 

Calibration and simulations are based on the short-term 
laboratory properties of LDB granite sampled from 240m 
level at the Underground Research Laboratory in Pinawa, 
Canada. The model configurations for UCS test and 
Brazilan test are illustrated in Fig. 1, respectively. The 
grain-scale material heterogeneity is introduced to the 
model based on mineral composition of the LDB granite. 
Hence, four material grain types are defined, namely K-
feldspar grain, Plagioclase grain, Quartz grain, and Biotite 
grain (Table. 1). The histogram in Fig. 2 compares the 
distribution of various mineral phases in both real granite 
and the UCS model. 
 

 
 

Fig. 1. Model geometry for (a) UCS testing; and (b) 
Brazilian testing. Grains with purple, light red, light brown, 

and dark red represent K-feldspar, plagioclase feldspar, 
quartz, and biotite minerals, respectively. 
Table 1. Micro-material properties for different minerals of 
Lac du Bonnet.  

 
 

 
Fig. 2. Histogram showing the abundance of different 
mineral phases in real LDB granite and the SRM model. 

 

3. COHESIVE CRACK MODEL DESCRIBING THE 
BEHAVIOR OF GRAIN CONTACTS  

 
Experimental observation demonstrated during fracturing 
of quasi-brittle materials (Fig. 3) such as concrete and 
rock there is some intermediate space between cracked 
and uncracked portion of the material. This region which 
is forms at the tip of an opening (Mode I) crack defined as 
the Fracture Process Zone (FPZ). FPZ is a zone of 
partially damaged and interlocked material in which the 
damaged material is still able to withstand a stress and 
transfer load from one surface to the other (Fig. 4). The 



material outside the FPZ is assumed to be linear elastic 
(Dugdale, 1960; Hoagland et al., 1985; Labuz et al., 
1985). As the crack propagates the micro-cracks in the 
FPZ merge and becomes a single structure to give 
continuity to the already existing crack. So indeed, FPZ 
acts as a bridging zone between cracked region and 
uncracked region.  

 

 
Fig. 3. Basics modes of fracturing. Any combination of 
these is referred to as mixed mode.  

In an attempt to idealize the effect of the FPZ on 
fracturing of quasi-brittle materials several cohesive crack 
models for both Mode I (crack opening) and Mode II 
(crack sliding) have been proposed. The most important 
cohesive crack models (for idealization of Mode I 
fracturing) and slip-weakening models (for idealizing 
Mode II) are reported in Dugdale, 1960; Barenblatt, 1962; 
Hillerborg, 1976; Labuz et al., 1983) and in Ida, 1972; 
Palmer and Rice, 1973, respectively. 

In this paper, the initiation and growth of the explicit 
micro-cracks are simulated by means of breakage of the 
bonds between the polygonal grains. Thus, arbitrary 
fracture trajectories are free to develop within the 
constraints imposed by the Voronoi blocks geometry. 
Depending on the local stress and relative contact wall 
displacements, the contact may yield under Mode I 
(tensile Mode), Mode II (sliding Mode) or mixed-Mode I – 
II conditions (Fig. 3). A cohesive crack model and a slip-
weakening model define the behavior of the grain 
interfaces in Mode I and Mode II of fracturing.  

To describe the strength of the contacts in Mode I and 
Mode II of fracturing a Coulomb slip criterion with tension 
cut-off, as presented in Fig. 5, are used. In Mode I 
(tension), the contact yields if the opening of the 
contact,𝑢, reaches the critical value, 𝑢𝑝, corresponding to 
the tensile strength of the contact, 𝑓𝑡. Similarly, Mode II of 
fracturing initiates when the shear slip of the contact,𝑠, 
exceeds the a critical value, 𝑠𝑝, corresponding to shear 
strength of the contact, 𝑓𝑠ℎ, defined as 
|𝑓𝑠ℎ| =  𝑐𝑐 + 𝜎𝑛. tan(𝜑𝑐) [1] 
  
Where 𝑐𝑐 is the internal cohesion, 𝜑𝑐 is the intact material 
friction angle, and 𝜎𝑛 is the normal stress acting across 
the contact.  

The stress-displacement curve for Mode I and Mode II 
conditions has a non-linear pre-peak branch and a 
softening branch (Fig. 6). The non-linear pre-yield branch 
is intended to represents the decay of stiffness in pre-
failure state due to the progression of damage. 

In the post-yield state (softening branch), the following 
stress-displacement (traction-separation) which links the 

cohesive stress transmitted by the contact to the contact 
displacement in tensile and shear states is used: 

�𝜎𝜏� =  𝜒(𝐷𝑖). � 𝑓𝑡𝑓𝑠ℎ
� [2] 

Where 𝑓𝑡 and 𝑓𝑠ℎ are the strengths of contact in tension 
and shear, respectively, and 𝜒(𝐷) is softening function 
which defines the decay of contact strength in post-yield 
regions. 

 

 
Fig. 4. Phenomenological description of a quasi-brittle 
fracturing process in (a) Mode I (Modified from Huespe 
and Oliver, 2011); (b) Mode II. 

Based on a comprehensive analysis of experimental 
results reported by Evans and Marathe (1968), the 
following relation is proposed for a softening law  

𝜒(𝐷𝑖) = �1 −  
𝐴 + 𝐵 − 1
𝐴 + 𝐵  . exp �𝐷𝑖

𝐴 + 𝐶 × 𝐵
𝐴 + 𝐵(1 − 𝐴 − 𝐵)��. 

 [𝐴(1 − 𝐷𝑖) + 𝐵(1 − 𝐷𝑖)𝐶] 

[3] 



Where A, B, and C are empirical curve fitting parameters 
equal to 0.63, 1.8, and 6.0, respectively; and 𝐷𝑖 (𝑖 =
𝐼, 𝐼𝐼, 𝐼 − 𝐼𝐼) is a damage variable with a value between 0 
and 1. This equation defines the shape of the softening 
branch of the stress-displacement curves in both Mode I 
and Mode II of fracturing. 

Thus, contact cohesive stress in Mode I and Mode II of 
fracturing are expressed in Eqs (4) and (5), respectively 
as 
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Where 𝑢𝑝 and 𝑠𝑝 are values of normal and shear 
displacements at which contact undergoes yield in tension 
and shear, respectively. 𝑢𝑟𝑒𝑠 and 𝑠𝑟𝑒𝑠 are the residual 
opening and slippage in Mode I and Mode II conditions, 
respectively. 
 

 
Fig. 5. Coulomb slip criterion with residual strength and 
tension cut-off to define the strength properties of the 
contacts in shear and tension. 
 

The damage variable for contact subjected to Mode I 
(Mahabadi, 2012), Mode II, and mixed-Mode I–II (Tatone, 
2014) displacements are defined, respectively, as  

𝐷𝐼 =  
𝑢 − 𝑢𝑝
𝑢𝑟𝑒𝑠 − 𝑢𝑝

 [6] 

 

𝐷𝐼𝐼 =  
𝑠 − 𝑠𝑝
𝑠𝑟𝑒𝑠 − 𝑠𝑝

 [7] 
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[8] 

Where u and s are the values of contact relative 
displacement in normal and shear directions, respectively.  

Displacements at peak strength are evaluated as 

𝑢𝑝 = 𝑒.
𝑓𝑡
𝑘𝑡

 
[9] 

 

𝑠𝑝 = 𝑒.
𝑓𝑠ℎ
𝑘𝑠ℎ

 
[10] 

Where 𝑒 = exp(1) = 2.718281 is the base of the natural 
logarithm. 
 

 
Fig. 6. Stress-displacement behavior of cohesive contact 
model in Mode I, Mode II, and mixed-Mode I-II. 



The values of residual opening, 𝑢𝑟𝑒𝑠 and slip, 𝑠𝑟𝑒𝑠, 
depends on the values of 𝐺𝐼𝑐 and 𝐺𝐼𝐼𝑐   of the Mode I and 
Mode II fracture energy release rates, 𝑓𝑡 and 𝑓𝑠ℎ. The 
values of 𝐺𝐼𝑐 and 𝐺𝐼𝐼𝑐 define as the energy that is required 
to extend the crack surface of a unit area. The areas 
under curves in Fig.6 (a) and (b) represent the energy 
needed to fully open the unit area of contact surface.  
𝐺𝐼𝑐= ∫ 𝜒(𝐷𝐼).𝑓𝑡  𝑑𝑢

𝑢𝑟𝑒𝑠
𝑢𝑝

 [11] 

 

𝐺𝐼𝐼𝑐= ∫ �𝜒(𝐷𝐼𝐼). 𝑓𝑠ℎ  −  𝑓𝑟𝑒𝑠� 𝑑𝑠
𝑠𝑟𝑒𝑠
𝑠𝑝

 [12] 

As a result, by solving the Eqs (11) and (12) the values 
of residual opening, 𝑢𝑟𝑒𝑠 and slip, 𝑠𝑟𝑒𝑠 are obtained as 

𝑢𝑟𝑒𝑠 =  𝑢𝑝 +
3𝐺𝐼𝑐 
𝑓𝑡

 [13] 

 

𝑠𝑟𝑒𝑠 =  𝑠𝑝 +
3𝐺𝐼𝑖𝑐 
𝑓𝑠ℎ

 [14] 

 

Based on the Griffith theory (1921), the value of 𝐺𝐼𝑐 
can be estimated as 

𝐺𝐼𝑐 =  𝐾𝐼𝑐
2

𝐸
 [15] 

Where 𝐾𝐼𝑐 is fracture toughness of crack in Mode I, and 𝐸 
is Young’s modulus of the material surrounding the crack. 
In this paper, the values of 𝐺𝐼𝐼𝑐 is considered to be 2 times 
of 𝐺𝐼𝑐. 

In order to model the non-linear behavior of contact 
under compressive normal stress (Fig. 7), the following 
hyperbolic function for normal closure of the contact with 
respect to normal stress as reported in Bandis et al. 
(1983) are used; 

𝜎𝑛 =  
𝑘𝑛0 𝑢

1 − (𝑢 𝑢𝑚𝑎𝑥� )
 [16] 

Where 𝑘𝑛0 represents the initial normal stiffness of the 
contact, and 𝑢 is the contact closure under compression, 
and 𝑢𝑚𝑎𝑥 is the maximum possible contact closure. 

 
Fig. 7. Behavior of the contact under pure compression 
loading.  
 

4.  MODEL CALIBRATION 
 

In order to calibrate the hydro-mechanical properties of 
the model, first the deformability (stiffness) of the UCS 
sample including elastic modulus and Poisson’s ratio are 
calibrated to match those of the real rock. Afterwards, the 
micro-parameters of the sample will be corrected until the 
macro-response of the model mimics the tensile response 
of the rock in the Brazilian indirect tensile. And finally, the 
compressional peak strength and failure envelope 
properties of LDB granite will be calibrated (Farahmand 
and Diederichs, 2015).  
    In this study, the following relation is used to determine 
the normal stiffness of the contacts: 

𝑘𝑛,𝑐 = n .  𝑚𝑎𝑥 �
𝐾+�43�𝐺

∆𝑍𝑚𝑖𝑛
�, 1≤ 𝑛 ≤ 10                                                                                                 

[17] 
 

Where n is a multiplier factor, K and G are the bulk and 
shear moduli, respectively; and ∆𝑍𝑚𝑖𝑛 is the smallest 
width of adjoining zone in the normal direction. The value 
of 𝑘𝑠ℎ,𝑐 is also can be obtained using 𝑘𝑠ℎ,𝑐

𝑘𝑛,𝑐
 = 𝐺

𝐸
 relation. 

  After assigning the density and the elastic properties of 
the grains, the value for 𝑘𝑛,𝑐 should be adjusted until the 
macroscopic Young’s modulus of the model matches the 
target value. Diederichs (2000) showed that for the 
material Poisson’s ratio in BPM models is related to the 
proportion of contact hear stiffness to normal stiffness 
(𝑘𝑠ℎ,𝑐

𝑘𝑛,𝑐
). As this stiffness ratio decreases, Poisson’s ratio 

increases and the sample becomes more dilatant. The 
value for initial aperture of the contacts are calibrated 
such that the permeability of the sample match that of the 
real rock in the non-stressed condition. Then, the value of 
the calibrated residual aperture are finded by performing a 
series of compressive hydro-mechanical tests in the way 
that the permeability of the model in elastic portion of axial 
stress-strain curve match permeability of LDB granite at 
the corresponding stress state (Farahmand and 
Diederichs 2014). The values for tensile strength of 
different mineral interfaces are taken from the results of 
laboratory testing on different mineral samples reported in 
Savanick and Johnson (1974). As Brazilian test and UCS 
test result in lower macroscopic tensile and crack initiation 
threshold, the contact tensile strength extracted from 
Savanick and Johnson (1974) are increased until the 
correct indirect tensile strength and crack initiation stress 
are obtained. Initially the value of contact cohesion should 
be selected in order to reproduce target unconfined peak 
strength. In this study, initially cohesion value for each 
type of the contacts is set to four times of the contact 
tensile strength ( 𝑐𝑐

𝜎𝑡,𝑐
  = 4) based on the results reported by 

Laqueche et al. (1986) and Okubo and Fukui (1996). The 
friction angle of contacts are calibrated by conducting a 
series of triaxial compression tests with different confining 
pressure. 
 

5.  BOUNADARY CONDITIONS 
 
To load the sample in uniaxial and triaxial boundary 
conditions, the rock sample is subjected to a constant 
displacement rate to induce stresses until failure is 
achieved. To do this, the rock is located between two 



extremely stiff platens with thickness of 20 mm and 15 
mm for UCS and Brazilian samples, respectively. The 
upper and lower platens move towards each other to 
apply load on two ends of the rock. In the case of biaxial 
loading, confining stresses corresponding to minor 
principal stress (𝜎3) are exerted on the external lateral 
sides of the model.  

Since the solution algorithm of the UDEC is dynamics 
and is based on timestepping, the rate of loading applying 
on platens must be defined. However, high loading rates 
or platens velocities result in numerical oscillations within 
the sample, it is important that the velocity of converging 
platens be such that perturbations can be dissipated 
throughout the sample faster than new loads and 
displacements are applied 

To avoid numerical instability in the model, the loading 
rate in compressional tests should be applied in the way 
that in each timestep the quasi-static equilibrium satisfies. 
This prevents the stress delay occurring between two 
ends of the specimen. As Kazerani et al. (2012) 
suggested, the loading process is divided into a set of 
stages. During each stage, the platens converges by the 
velocities of 0.02 m/s and 0.01 m/s for the case of UCS 
and Brazilian test, respectively. Then, the loading is 
stopped by setting the platens velocities to zero, and then 
the model is cycled until quasi-static equilibrium for the 
system is reached. 
 

6. CALIBRATION RESULTS 
 
Since the models are composed of four different mineral 
phases, ten contact types as listed in Table. 2 are needed 
to be calibrated. Fig. 8. represents the ten interfaces types 
in a part of the model. 
 
Table 2. Type of the interfaces in the models based on 
contacts forming between different mineral grains. 

 

Fig. 8. The ten interface types in the model are 
represented by different colour. See Table 2 for a list of 
the interface types. 

Calibrated contact properties for defined 10 various 
interfaces of the model are given in Table 3. Figs 10 and 
11 show the resultant stress – strain curve of the Brazilian 
and unconfined compression tests, respectively. Obtained 
strength properties of the model such as tensile strength, 
compressive peak strength, crack damage, and crack 
initiation thresholds demonstrate a very good agreement 
with those of the experimental data. 

 The axial stress – axial strain response of the model 
in compression deviates from linearity at 𝜎1 = 181 MPa 
(87% of UCS), which is corresponds to the reversal point 
in volumetric –strain – axial strain curve. While the onset 
of crack initiation occurs at 86 MPa, which is determined 
based on the onset of tensile cracking in the model (red 
lines in Fig. 11 (a)). The crack initiation stress occurs 
approximately at 41% of the UCS. These results compare 
very closely to the experimental response in which the 
Crack Initiation and Crack Damage stresses occurs at 
41% and 86% 0f the peak strength, respectively (Table. 
4). The number of induced cracks demonstrates that the 
primary mechanism of damage in the model is extensile 
cracking, while the shear (cohesive) cracking starts to 
become the dominant only after the stress in the sample 
reaches the Crack Damage threshold. Summary of the 
experimental and simulated results are given in Table 4. 

 
Table 3. Calibrated micro properties for contacts. 

 
 
Under unconfined compressive loading condition, 

accumulation of damage in the direction sub-parallel to 
applied loading axis creates macroscopic fracture patterns 
in form of axial splitting (Fig. 11 (b)). In case in which the 
rock is under indirect tensile load, the corresponding 
fracture patterns are in form of some extensile cracks 
which extends from top to bottom of the model (Fig. 10). 
These fracture patterns are in good agreement with those 
typically observed in the laboratory (Horii and Nemat-
Nasser, 1986). 

 
The strength envelope were obtained by performing a 

set of biaxial tests at three different confining pressure. 
The results of rupture strength of the rock at different 
confining stresses are used to derive the Mohr-Coulomb 
properties of the rock. The strength envelopes exhibited 
approximately a linear relationship for confinement higher 
than zero for the range of confining stresses applied (0 
≤ 𝜎3  ≤ 15 MPa). Obtained cohesion and friction angle for 
specimens match very closely with laboratory date 
reported by Martin (1993) as the simulated cohesion and 
friction angle were found as 29.3 MPa and 58.9°, with 
2.33% and 1.35% errors compared to the experimental 
values, respectively. 



 
Fig. 10. Tensile stress – Axial strain curve obtained from 
calibrated Brazilian model. 
 
 

 
Fig. 11. Model response during uniaxial compression test; 
a) axial stress – axial strain curve and associated 
incremental accumulation of tensile (extension) cracks 
and shear (cohesive) cracks. b) volumetric strain – axial 
strain curve.  
 
 
 
 

Table 4. Comparison between experimental and 
simulation results for LDB granite (Values of experimental 
data are given from Martin (1993). 

 
7. CONCLUSIONS 

A heterogeneous grain-based model for simulating the 
response of Lac du Bonnet during tension and 
compression is presented. A cohesive crack model based 
on the theories of “Non-linear Fracture Mechanics 
(NLEFM)” is implemented into the UDEC distinct element 
numerical code to define the constitutive behavior of the 
grain interfaces under different modes of fracturing. A 
calibration process aims to find values of micro-
parameters of the model that can reproduce the macro 
properties of the rock are discussed. The ability of the 
calibrated model to reproduce different aspects of 
mechanical behavior of the brittle rock is examined. 
The numerical experimentations demonstrate the 
capability of discrete element-Voronoi model to mimic the 
pre- and post-failure response of brittle materials. The 
calibrated model very accurately predicts, in a quantitative 
sense, the macroscopic properties of real granite such as 
elastic properties, damage thresholds (crack initiation and 
interaction stresses), peak strength (tensile and 
compression strengths), triaxial strength envelope (friction 
angle and cohesion).  
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